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Let p be a prime, G a finite group of order coprime to p, and V a faithful
F G-module. Suppose G has a normal quasi-simple irreducible subgroup H. Wep
show that either G has a regular orbit on vectors, or H is an alternating group and
V a minimal module, or H, n, and p are contained in a short explicit list. Together
with the work of Robinson and Thompson, this leads to a solution of the
Ž .k GV -problem for primes p ) 211. Q 2000 Academic Press
1. INTRODUCTION
In this paper, we study certain properties of actions of linear groups. We
are particularly interested in conditions which force a given group to have
a regular orbit on vectors.
The occurrence of a regular orbit is common: for example, if G is a
Ž .finite subgroup of GL V, F , where F is an infinite field, then a regular
orbit always exists. Regular orbits arise in a variety of contexts, including
Ž w x.the study of soluble groups see 2, 26 . An important application of our
Ž .work is a partial solution of the k GV -problem, which we discuss later in
the section.
For c G 5 and a prime p ) c, define the deleted permutation module
Ž . Ž . 4over F for A or S to be V s a , . . . , a : a g F , Ýa s 0 , withp c c 1 c i p i
coordinates permuted naturally.
1 The work in this paper was completed while studying for a Ph.D. at Imperial College
under the supervision of Professor Martin Liebeck and was funded by the EPSRC.
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Our main result is the following theorem:
THEOREM 1. Suppose p is a prime, G is a pX-group, and V is a faithful
n-dimensional F G-module such thatp
Ž .1 G has a quasi-simple normal subgroup H which is irreducible on V,
Ž .2 G has no regular orbit on the ¤ectors of V.
Then one of the following holds:
Ž .a H s A , c - p, and V is the deleted permutation module for H.c
Ž . Ž .b HrZ H , n, and p are as in Table I. In particular,
Ž .i p F 271 and n F 12;
Ž . Ž .ii p F 23 unless HrZ H is one of the following groups: A ,5
Ž . Ž . Ž . qŽ .U 2 , U 3 , Sp 2 , V 2 .4 4 6 8
We shall present the proof of Theorem 1 in two papers. In the present
paper, we deal with alternating and sporadic groups. In the second paper
w x9 , we handle the proof of Theorem 1 for groups of Lie type.
Remarks. 1. We actually obtain more specific information than given in
Table I. In particular, we determine the possibilities for H and the
Ž .corresponding possibilities for n and p in conclusion b . The full list of
possibilities can be obtained from the tables in the relevant sections.
Ž . Ž .2. Conclusion a gives genuine examples satisfying hypotheses 1
Ž . Uand 2 for arbitrary p. For example, let c s p y 1 and G s F = S . Letp c
Ž . Ž . Ž .¤ s a , a , . . . , a g V. If a s a for some i / j, then ij g C ¤ .1 2 c i j G
TABLE I
Possibilities for a Group with No Regular Orbit
Ž .HrZ H n p
A 2, 3, 4 p F 615
A 3, 4, 5, 6 p F 196
A 4 117
Ž .L 7 3, 6 5, 11, 232
Ž .L 4 6 11, 13, 173
Ž .U 3 6, 7 5, 113
Ž .U 2 4, 5, 6, 8, 10 p F 434
Ž .U 3 6 p F 1514
Ž .U 2 10, 11 7, 135
Ž .Sp 2 7, 8 p F 796
qŽ .V 2 8 p F 2718
J 6 11, 192
Suz 12 19
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1 4  4 Ž .Otherwise a , a , . . . , a s F y a for some a . Then Ýa s p p y 11 2 c p i 2
Žy a , and hence a s 0. Re-ordering coordinates gives ¤ s 1, y1, 2, y2,
p y 1 p q 1 . Ž .Ž . Ž .. . . , , and so the permutation g s 12 34 ??? p y 2, p y 12 2
Ž . Ž .sends ¤ to y¤ . Then y1. g g C ¤ . Thus C ¤ / 1 for all ¤ g V andG G
Ž .hypothesis 2 holds.
Ž .In fact, Thompson private communication has shown that if conclusion
Ž . Ua holds and G s F = S , then n q 2 F p F n q 4.p c
Ž . 303. Theorem 1 with conclusion B replaced by p - 5 is proved by
w x Ž .Liebeck in 17 . It has implications towards the solution of the k GV -
problem, which we discuss later in the section.
4. The largest p for which we know that a genuine example exists
Ž . Ž . Ž Ž . .satisfying hypotheses 1 and 2 without conclusion a holding is 61, as
Ž .seen in the following example. The group SL 5 has a two-dimensional2
w x Ž . Ž .complex representation. By 5, Sect. 260 , SL 5 embeds in SL p exactly2 2
U Ž . Ž .when p is congruent to "1 modulo 10. Let G s F .SL 5 F SL 61 and61 2 2
V s F 2 . Then G has exactly three orbits on V of lengths, 60.30, 60.20, and61
60.12. In particular, G has no regular orbit on V. We discuss this in more
detail in Section 5.
5. Also note that in the above conclusions certain small values of p
< <are not possible, since p is coprime to G . In particular, p / 2, since G
has a quasi-simple subgroup H and all finite simple groups have even
order.
Ž .COROLLARY 2. If p ) 271, or if n ) 12, and hypothesis 1 of Theorem 1
holds, then either H s A and V is the deleted permutation module for A , orc c
G has a regular orbit on the ¤ectors of V.
Ž .For the application of our results to the k GV -problem in the next
section, we obtain another result.
Ž . Ž .PROPOSITION 3. Suppose that hypotheses 1 and 2 of Theorem 1 hold.
Then either p F 211, or we can find a ¤ector ¤ such that the restriction
Ž . Ž Ž .V xC ¤ has a faithful self-dual submodule where C ¤ is the stabilizer inG G
.G of ¤ .
This is almost immediate from Theorem 1. For certainly, if G has a
Ž .regular orbit on vectors then there is a vector ¤ such that C ¤ s 1 andG
the conclusion of Proposition 3 holds. Otherwise, assuming p ) 211, by
Theorem 1 either H s A with V the deleted permutation module, orc
Ž . qŽ . ŽHrZ H ( V 2 with n s 8. In the former case, if ¤ s c y 1, y1, . . . ,8
. Ž .y1 then C ¤ s A or S and V is a permutation module forG cy1 cy1
Ž . Ž w x.C ¤ , and hence Proposition 3 holds see 23, Corollary 6 . And whenG
Ž . qŽ . w xHrZ H ( V 2 , Proposition 6.5 of 9 shows the existence of a vector ¤8
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Ž .with C ¤ an elementary abelian 2-group, which again implies the conclu-G
sion of Proposition 3.
An important application of Theorem 1 is a partial solution of the
Ž .k GV -problem, which we now discuss. An old question of Richard Brauer
from the 1950s asks whether it is true that if B is a block of a finite group
with defect group D, then the number k of irreducible characters in B is
< < w x < < 2at most D . In 1959, Brauer and Feit 3 proved that k F D r4 q 1. By
w x w xthe results of Fong 7 and Nagao 19 , for p-soluble groups Brauer’s
question reduces to the following:
Ž . Xk GV -Problem. Let p be a prime, G be a finite p -group, and V a
Ž .faithful irreducible n-dimensional F G-module. Denote by k GV thep
number of conjugacy classes of the semidirect product GV. Show that
Ž . < <k GV F V .
Note that equality can be achieved, for any prime p and any dimension
n. For example, let q s pn and regard V s F as an n-dimensional vectorq
space over F . Let G s FU , with natural scalar action on F . Thenp q q
Ž . Ž . < <k GV s k G q 1 s q s V .
Ž . UThe k GV -problem has been solved in the case that V ( V as
w x Ž .F G-modules 11 , or if there exists ¤ g V such that ¤ xC ¤ is ap G
w xpermutation module 16 .
w xIn 23 , Robinson and Thompson used character theory to extend these
Ž .results and showed that the k GV -problem is solved if there exists ¤ g V
Ž .such that V xC ¤ has a faithful self-dual submodule. Furthermore, inG
w x Ž .23 , the proof of an affirmative solution of the k GV -problem is reduced
to finding such a vector ¤ in the following two cases:
Ž .A The ‘‘symplectic’’ case, in which G has a normal irreducible
Ž .q-subgroup Q of symplectic type q prime, q / p ; that is, all characteristic
abelian subgroups of Q are central.
Ž .B The ‘‘quasi-simple’’ case, in which G has a normal irreducible
quasi-simple subgroup H.
Ž . w x 27In case A it is proved in 23, Theorem 8 that, provided p ) 2 , such a
Ž .group G has a regular orbit on V, solving the problem by 4 above. More
w x Ž .recently, Robinson 22 has improved this result, solving case A for
primes p ) 211.
Ž .In case B , Proposition 3 shows that, for p ) 211, the required vector ¤
Ž . Ž .exists. Therefore, combining the above results in cases A and B gives:
Ž .THEOREM 4. The k GV -problem is sol¤ed for all primes p ) 211.
We now discuss the methods used to obtain our results. Recall that we
are assuming G has a quasi-simple normal subgroup H, which is irre-
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Ž .ducible on V. We denote the simple group HrZ H by L. Let h be a
Ž .non-identity element of Aut L. Then define r h to be the minimal
² :number of L-conjugates of h required to generate the subgroup L, h of
Aut L. Let
r L s max r h : h g Aut L . 4Ž . Ž .
Ž .Bounds for r L for the simple groups of Lie type are given by
w x w xGuralnick and Saxl 13 and for the alternating groups by Hall et al. 14 .
Ž .See Propositions 2.1 and 2.2 for statements of these results.
Ž .Define R L to be the minimum degree of a non-trivial projectivep
representation of any covering group of L in characteristic p. There are
Ž . < <well-known bounds for R L when p and L are coprime. For example,p
w xfor groups of Lie type, bounds are given by Seitz and Zalesskii in 25 .
w xWe first make use of a basic result in 17 giving a bound for p in terms
< < Ž . Ž . Ž . Ž . Ž < <. r ŽL.R pŽL.of Aut H , r L , and R L : if r L - R L , then p F 3 Aut H .p p
Applying this result, we are able to obtain a small bound for p for most
finite simple groups. We thus obtain a finite list of possibilities of groups
Ž . Ž . Ž .satisfying hypotheses 1 and 2 of Theorem 1 without conclusion a
holding, and for most of these groups there is a complex character table
w xavailable in the Atlas 4 .
The main result of Section 3 is Theorem 3.4, which gives a more precise
bound for p in terms of fixed spaces of elements of G. For specific
representations, we can use the available character tables to determine the
dimensions of fixed spaces and apply this result. In several cases where a
character table is not available, we calculate some character values of
certain small dimensional representations and employ a similar method.
In this paper, we consider alternating and sporadic groups. We prove
w xTheorem 1 for groups of Lie type in 9 .
Remark. Recently the bound in Theorem 4 has been improved to
w x w xp ) 31 in the preprints 8 covering the symplectic case and 21 covering
Ž .the quasi-simple case which uses Theorem 1 .
2. PRELIMINARIES
We prove Theorem 1 by an exhaustive case-by-case analysis of the
possibilities for H, using the classification theorem of finite simple groups.
In this section, we present a few basic results on conjugate generators for
finite simple groups and projective representations of alternating groups
needed for the proof.
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w x.PROPOSITION 2.1 14, Prop. 3 . Suppose H s A and 1 / g g S . De-c c
Ž . Ž . Ž . ² :fine b g s c y j g , where j g is the number of orbits of g on
 41, . . . , c .
Then
r g F c y 2 rb g q G g ,Ž . Ž . Ž . Ž .
u v Ž .where x means the least integer greater than or equal to x and G g s 4 if g
is a fixed-point-free in¤olution, 1 if g is a transposition, or 2 otherwise.
Ž .The following result of Guralnick and Saxl gives bounds for r L for
groups of Lie type.
w xPROPOSITION 2.2 13 . Let L be a simple classical group with natural
module of dimension m, and let 1 / h g Aut L. Then the minimal number of
² :L-conjugates of h required to generate L, h is at most m q 1 with the
Ž .exceptions listed in Table II. For exceptional groups of Lie type, r L F l q 3,
Ž .where l is the untwisted rank of L.
For a finite simple non-abelian group L, define the covering number
Ž . nc L to be the least integer n such that K s L for all non-trivial
Ž .conjugacy classes K of L. It is shown that such an integer c L exists in
w x Ž . w x1 . Zisser found the covering numbers c L of the sporadic groups in 27 .
w x Ž .LEMMA 2.3 27 . If L is sporadic, then the co¤ering number c L is as in
Table III.
Ž . Ž .LEMMA 2.4. If L is sporadic, then, for g g L, r g F c L q 1.
w xProof. Let L be a sporadic group and let g g L. In 12 , it is shown
² :that there exists h g L such that g, h s L. We can find conjugates
²g , g , . . . , g of g such that g g ??? g s h. Then g, g , g , . . . ,1 2 cŽL. 1 2 cŽL. 1 2
: ² : Ž . Ž .g s g, h s L, so r g F c L q 1 for each g g L.cŽL.
LEMMA 2.5. Suppose that L is a sporadic group with a non-tri¤ial outer
Ž . Ž .automorphism group. Then, for each g g Aut L y L, we ha¤e r g F u L ,
Ž .where u L is as in Table IV.
TABLE II
Classical Exceptions
Ž .L r L F Exceptions
Ž . Ž Ž ..L s 4 r L 9 F 52 2
Ž . Ž Ž ..L s 6 r L 2 F 74 4
Ž .U s 6 }4
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TABLE III
Covering Numbers for the Sporadic Groups
L M M M M M J J J HS11 12 22 23 24 1 2 3
Ž .c L 3 4 3 3 3 2 4 3 4
L McL He Ru Suz O9N Co Co Fi HN3 2 22
Ž .c L 3 4 3 4 3 4 4 6 4
XL Ly Th Fi Co J Fi BM M23 1 4 24
Ž .c L 3 3 6 4 3 3 4 3
TABLE IV
Bounds for Conjugate Generators of Outer Automorphisms of Sporadic Groups
XL M M J J HS McL He Suz O9N Fi HN Fi12 22 2 3 22 24
Ž .u L 4 5 5 3 6 5 4 6 3 8 6 12
< <Proof. Since we are assuming Out L / 1, L is one of the sporadic
groups in Table IV. We may assume that g has prime order.
If g is an outer involution of M , we can find a conjugate g of g such12 1
² : Ž .that g, g s D . Now, D is a maximal subgroup of L 11 .2, which is1 24 24 2
Ž .itself maximal in M .2; hence r g F 4.12
Suppose that L ( M . Outer automorphisms in the class 2B are outer22
Ž .automorphisms in a maximal subgroup L 4 .2 of M .2. By Proposition3 2 22
Ž .2.2, four conjugates of a 2B element can be found which generate L 4 .2 ,3 2
Ž .so r 2B F 5.
Now suppose g is an outer automorphism in the class 2C. For conjugacy
classes C , C , and C and fixed x g C , the class algebra constant ai j k k k i jk
Ž .gives the number of pairs x , x with x g C , x g C , and x x s x . Fori j i i j j i j k
g g C and g in C ,i i j j
< <G x g x g x xŽ . Ž . Ž .i j k
a s ,Ýi jk x 1C g C g Ž .Ž . Ž .G i G j x
Žwhere the sum is over all the irreducible characters x of G. See, for
w x .example, 15, Sect. 28 .
Using the above formula, one can show that a / 0. Therefore2C, 2C, 11A
Ž .we can find a conjugate g of g such that o gg s 11. A similar calcula-1 1
tion shows that a / 0 and hence we can find a conjugate g of g2C, 2C, 5A 2
Ž .such that o gg s 5. The only class of maximal subgroups of M .2 which2 22
Ž .contains elements of orders 2, 5, and 11 is L 11 .2. Moreover, no maximal2
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Ž .subgroup of L 11 .2 contains elements of all these orders. Therefore2
² : Ž . Ž .g, g , g G L 11 .2 and r g F 4.1 2 2
If g is an outer involution in J .2, it is an outer involution in a maximal2
Ž .subgroup U 3 .2 of J .2. By Proposition 2.2, we can find four conjugates of3 2
Ž . Ž .g which generate U 3 .2, so r 2C F 5.3
Next suppose g is an outer involution in J .2. Using class algebra3
constants, we see that we can find a conjugate g of g such that gg has1 1
order 19. The only classes of maximal subgroups of J containing elements3
Ž .of order 19 are 19.18 and L 19 . The only class of maximal subgroups of2
Ž .L 19 which contains elements of order 19 is 19.9, which does not contain2
² : Ž .elements of order 2. Therefore, g, g either contains L 19 or is a1 2
subgroup of 19.18. In either case, taking a further suitable conjugate of g,
we generate J .2.3
Outer automorphisms of HS in the classes 2CD are contained in a
maximal subgroup M .2. A 2C element is a 2B element in M .2 and a 2D22 22
element is a 2C element in M .2. We can generate M .2 with five22 22
conjugates of an outer automorphism, so six conjugates of an outer
automorphism can be chosen to generate HS.2.
Outer involutions of McL are outer involutions in a maximal subgroup
Ž .U 5 .2, which by Proposition 2.2 we can generate with four such conju-3
gates, so five conjugates of an outer automorphism can be chosen to
generate McL.
Suppose that g is an outer involution in He.2. Using class algebra
constants, we see that we can find conjugates g and g of g such that gg1 2 1
lies in the class 5A and gg lies in the class 7C in He. From the list of2
w x ² : Ž .maximal subgroups of He.2 in 4 , g, g , g is an extension of L 4 or1 2 3
S . Taking a further suitable conjugate of g, we generate He.2.7
Ž .The irreducible 143-dimensional representation of Suz restricts to G 42
as the sum of irreducible representations of degrees 78 and 65. From the
character values, we see that a 2C element in Suz.2 is an outer automor-
Ž .phism in a maximal subgroup G 4 .2. By Proposition 2.2, five conjugates2
Ž . Ž .of a 2C element generate G 4 .2, so r 2C F 6.2
Ž .The irreducible 143-dimensional representation of Suz restricts to U 25
as the sum of a representation of dimension 120, two conjugate represen-
tations of dimension 11, and the trivial representation. From the character
values, we see that a 2D element in Suz.2 is an outer automorphism in a
Ž . Ž .maximal subgroup U 2 .2. We can generate a maximal subgroup L 11 .25 2
Ž . Ž .of U 2 .2 with four such conjugates, so r 2D F 6.5
Suppose that g is an outer involution in OXN.2. The class algebra
constant shows that we can find a conjugate g of g such that gg has1 1
order 31. The only classes of maximal subgroups of OXN containing
Ž .elements of order 31 are 31.30 and L 31 . The only class of maximal2
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Ž .subgroups of L 31 containing elements of order 31 is 31.15. Therefore2
² : Ž .g, g either contains L 31 or is a subgroup of 31.30. In either case,1 2
taking a further suitable conjugate of g, we generate OXN.2.
Outer involutions g in Fi .2 are contained in a maximal subgroup22
Ž . ² Ž . :2.U 2 .2 of Fi .2. We can generate 2.U 2 , g with seven conjugates of6 22 6
Ž .such a g, so r g F 8.
Outer involutions of HN are odd permutations in a maximal subgroup
12 y 2u vS . By Proposition 2.1, we can generate S with q 2 s 4 conjugate12 12 10 y 5
25-cycles. Therefore we can generate S with five conjugates of g, so12
Ž .r g F 6.
Elements in the classes 2CD of Fi are outer involutions in a maximal24
y Ž .subgroup PV 2 .2, which we can generate with eleven conjugate outer10
Ž .involutions. Therefore r 2CD F 12.
Ž . Ž . Ž .COROLLARY 2.6. If L is sporadic, then r L F j L , where j L is as in
Table V.
Ž .We also define r H for finite quasi-simple groups H in a similar
Ž .manner: for a non-trivial automorphism h of H, define r h to be the
² :minimal number of H-conjugates of h required to generate H, h , and
Ž .  Ž . 4define r H s max r h : h g Aut H . For a finite quasi-simple group H,
Ž . Ž Ž ..we have r H F r HrZ H .
We now briefly discuss minimal projective representations of finite
simple groups. For groups of Lie type in pX-characteristic, lower bounds for
Ž . w xR L are given in 25 .p
< < Ž .If L is sporadic and p ƒ L , we can read off the values of R L fromp
the Atlas character tables. For A , a complex character table is availablec
in the Atlas when c F 13, and for larger values of c, we have the following
results.
w xPROPOSITION 2.7 20 . For p ) c G 14, the two smallest non-tri¤ial de-
Ž .grees of S in characteristic p are c y 1 and c c y 3 r2.c
TABLE V
Bounds for the Number of Conjugate Generators for Sporadic Groups
L M M M M M J J J HS11 12 22 23 24 1 2 3
Ž .j L 4 5 5 4 4 3 5 4 6
L McL He Ru Suz O9N Co Co Fi HN3 2 22
Ž .j L 5 5 4 6 4 5 5 8 6
XL Ly Th Fi Co J Fi BM M23 1 4 24
Ž .j L 4 4 7 5 4 12 5 4
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w xPROPOSITION 2.8 18, Sect. 2.2, 24, Sect. 50 . For p ) c G 7, the minimal
non-tri¤ial faithful degrees of 2. A and 2.S in characteristic p are 2 ?Žcy2.r2 @c c
?Žcy1.r2 @ ? @and 2 , respecti¤ely, where x means the greatest integer less than or
equal to x.
3. THE METHOD
In this section, we prove some general results required for the proof of
Theorem 1. Let G, V, and p satisfy the hypotheses of Theorem 1; that is,
suppose p is a prime, G is a pX-group, and V is a faithful n-dimensional
F G-module such thatp
Ž .1 G has a quasi-simple normal subgroup H which is irreducible
on V,
Ž .2 G has no regular orbit on the vectors of V.
Ž . Ž . Ž .Write L s HrZ H , let k s End V , K s End V , and t sF G F Hp p
< <K : k . Then V is an absolutely irreducible kG-module and an irreducible
Ž .but not necessarily absolutely irreducible kH-module. The group GrH
< < Uacts as k-automorphisms of K, and hence t divides Out H . Since K .G
Ž . Ž .also satisfies hypotheses 1 and 2 , in the proof of Theorem 1 we may
U < < < < tassume that K F G. Note that n s dim V and let q s k , so K s qk
and p F q. Then we have
² :H F GL K , G F GL K . w F GL k ,Ž . Ž . Ž .n r t n r t n
where w is a field automorphism of order t.
w xFirst, we give some basic results from 17 , giving bounds for the sizes of
fixed spaces of elements of g on V.
w x UPROPOSITION 3.1 17, Lemma 2 . For g g G y k ,
nŽ1y1r r Ž g ..C lg F 2 q .Ž .Ý V
Ulgk
w x Ž .It is clear from the proof of 17, Lemma 2 that, provided r g / 2, the
Ž Ž .. ? @power x s n 1 y 1rr g in Proposition 3.1 may be replaced by x , the
greatest integer less than or equal to x.
w x Ž < <. r ŽL.rŽnyr ŽL. tqr ŽL..From 17, Lemma 2 , we have q F 3 Aut H . Combin-
Ž .ing this result with the inequality nrt G R L , we obtain our next result.p
Ž . Ž .PROPOSITION 3.2. Pro¤ided r L - R L , we ha¤ep
Ž . Ž .r L rR Lp< <p F 3 Aut H .Ž .
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< <When L is relatively small, Proposition 3.2 does not give a good bound
for p and we require a more refined analysis of fixed spaces of elements.
The precise result we need is Theorem 3.4 below.
Ž .By hypothesis 2 ,
V s C g .Ž .D V
UggGyK
Note that we can take this union over only the elements of prime order,
since if ¤ is fixed by an element g of order al with a prime, it is also fixed
by g l, which has prime order.
DEFINITION 3.3. Let g g G y KU and suppose that, for some prime r,
we have g r g KU. Then we say that g is projectively of prime order r. We
say that an element of prime power order which is also projectively of
prime order r is of quasi-prime order r. We denote the set of elements of
Ž .projectively prime order in a group G by P G and the set of quasi-prime
Ž .order elements in G by Q G .
U Ž .Let G s G l GL K and define the following subsets of V:n r t
W s C g ,Ž .D V
U UggK HyK ,
Ž .o g prime
X s C g ,Ž .D V
U UggG yK H ,
Ž .o g prime
Y s C g .Ž .D V
UggGyG ,
Ž .o g prime
< < < < < < < < < U U <Then V s W j X j Y , so V F W q X q Y . Let l s G : K H .
Write GU s KUH j KUHx j ??? j KUHx .1 ly1
< < Ž .THEOREM 3.4. For prime powers a di¤iding G , let h 1 F i F u beai
representati¤es of the conjugacy classes C , . . . , C of quasi-prime order ele-1 u
ments in H of order a. We denote the dimensions of the eigenspaces of h o¤erai
Ž .K by r 1 F j F n , where n is the number of eigenspaces of h on V .ai j ai ai ai
Let hX be representati¤es of the H-conjugacy classes of elements hx , whereai k
h g H, x is as abo¤e, and hx is of quasi-prime order of order a. We denotek k
the dimensions of the eigenspaces of hX o¤er K by s . Let g be representa-ai ai j ai
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ti¤es of the conjugacy classes of elements of quasi-prime order in G y GU of
order a. For each a, a s ad for some prime a and natural number d. Then0 0
1 UXGH tr t sai j ai j< < < < < <V F h q q h qŽ .Ý Ý ai aid dy1a y a0 0a i , j
tq y 1UG r K n r t< <q g .q .Ý ai q y 1i
We prove Theorem 3.4 in the next three lemmas.
LEMMA 3.5. We ha¤e
1
H t rai j< < < <W F h q .Ý Ýaid dy1a y a0 0a, i j
Proof. Fix g g KUH y KU of prime order b. We have g s lh for
U Ž . b b b b yb Ž .some l g K , h g H y Z H ; hence g s l h and h s l g Z H .
Thus, for each prime order g g KUH y KU , we can find a scalar l and an
h g H of projective prime order such that g s lh. Thus we can find an l
such that hl has quasi-prime order, and
xx lC lh : C l hŽ . Ž .Ž .D DV V
U UlgK lgK
for any x g H. Therefore
W s C gŽ .D V
U UggK HyK ,
Ž .o g prime
: C lhŽ .D V
Ž .hgP H ,
UlgK
: C lh x . 1Ž .Ž .D D V ai
a, i xgH ,
UlgK
For each h , where a s ad, let hs be any of the a y ady1 non-centralai 0 ai 0
powers of h. Then
C lhs s C lh .Ž .Ž .D DV ai V ai
U UlgK lgK
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Hence, for fixed a,
1
x H t rai j< <C lh F h q . 2Ž .Ž .D D Ý ÝV ai aid dy1a y a0 0i xgH , i j
UlgK
Ž . Ž .Combining 1 and 2 gives the result.
LEMMA 3.6. We ha¤e
1 UXG t sai j< < < <X F h q .Ý Ý aid dy1a y a0 0a i , j
Proof. Suppose g g GU y KUH has prime order b. Then g s lhx for
U Ž .b yb Usome l g K , h g H, x s x . We have hx s l g K . Hencei
X : Z H C lhx .Ž . Ž .D D V
UlgK Ž .h , x 1FkFly1 ,k
Ž .hx gP Gk
By the arguments given in Lemma 3.5, we may rewrite the above line,
Ž . Ž .replacing P G with Q G and the result follows.
LEMMA 3.7. We ha¤e
1 qt y 1UG r K n r t< < < <Y F g ? q .Ý Ý aid dy1 q y 1a y a0 0i , a
Proof. Suppose g g G y GU of prime order b. Then g s lhxt , where
U Ž .l g K , h g H, x s 1 or some x as above, and t is a non-identityi
Ž .b Upower of w. We have hxt g K . Hence
Y s C lg .Ž .D D V
UlgK gshxt ,
Ž .ggP G
As before, we may take this union over elements of quasi-prime order
rather than over elements of projectively prime order.
w x Ž t. UBy 10, Sect. 7.2 , hxt is GL q -conjugate to ms , where m g K andn r t
s is a field automorphism. Next we calculate the fixed space of such an
element.
Ž . XSuppose ms fixes ¤ s ¤ , . . . , ¤ . Then, for some power q of q,1 n r t
qX Ž X . y1¤ s m¤ for each i. Each ¤ is either 0 or a q y 1 th root of m .i i i
Ž t . Ž . UThere are q y 1 r q y 1 elements in K which have q y 1 distinct
Ž . Ž t . Ž .q y 1 th roots. Hence there are at most q y 1 r q y 1 elements m for
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Ž .which C ms / 0 and, for each such m, we have q choices for each ¤ .V i
Ž . n r tHence, for such a m, C ms s q , and we haveV
tq y 1
n r tC ls s ? qŽ .D V
U q y 1lgK
and the result follows.
Combining Lemmas 3.5, 3.6, and 3.7, we obtain Theorem 3.4.
For groups for which a character table is available, we can calculate the
< < < < < <class sizes in our estimates for W , X , and Y and the dimensions of the
eigenspaces of elements in G, as we now explain.
Given the complex character table of a group G, for any irreducible
complex representation, we can determine the eigenspace dimensions of
elements in G of quasi-prime order. The representation theory of a
pX-group G in characteristic p is essentially the same as the complex
representation theory, and the eigenspace dimensions of an element in a
characteristic p representation are the same as the dimensions in the
corresponding complex representation. We may therefore work with com-
plex character tables. There is a C-basis of V with respect to which an
element g of order a is represented by a diagonal matrix whose entries are
Ž .ath roots of unit. We will denote the set including multiplicities of
Ž .non-zero entries of this matrix by D g . Of course, the multiplicities with
Ž .which elements appear in D g are the eigenspace dimensions of g.
For a fixed prime a, let v be a primitive ath root of unity and denote
the set of ath roots of unity by V. We denote the set of ath roots of unity
excluding 1 by V. We extend this notation to write mV for the set which
contains each element of V with multiplicity m. Also, when listing
eigenspace dimensions we write dm to stand for m eigenspaces each of
dimension d.
4. REGULAR ORBITS OF SPORADIC GROUPS
In this section, we prove Theorem 1 under the assumption that L s
Ž .HrZ H is a sporadic group. First we reduce the number of cases we need
to consider using Corollary 2.6.
Ž . Ž .LEMMA 4.1. Suppose that hypotheses 1 and 2 of Theorem 1 hold and
Ž .that L is sporadic. Then the possible pairs L, n are gi¤en in Table VI.
Ž .Proof. We use the bounds for r L given by Corollary 2.6 in the
Ž < <. r ŽL.r R pŽL. Ž .inequality p F 3 Aut H Proposition 3.2 to classify which spo-
radic groups may have no regular orbit under our hypotheses.
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TABLE VI
Possibilities for a Sporadic Group with No Regular Orbit
L n
M 10, 11, 1611
M 10, 11, 12, 16, 22, 3212
M 10, 21, 4222
M 2223
M 2324
J 6, 12, 14, 21, 28, 422
J 18, 363
HS 22
McL 22
He 51, 102
Ru 28
Suz 12, 24
Co 233
Co 232
Fi 7822
Co 241
First suppose L ( M . The non-trivial irreducible complex representa-11
Ž w x.tions of M have dimensions 10, 11, 16, 44, 45, or 55 see 4 . If n ) 16,11
Ž .4r44then p F 3.7920 , which implies that p - 3, a contradiction since
< <p ƒ M . Therefore n s 10, 11, or 16.11
Next suppose L ( M . Any irreducible representation of a covering12
Žgroup of M of dimension greater than 32 has dimension at least 44 see12
w x. Ž .5r444 . Thus, if nrt ) 32, we have p F 3.2.2.95040 , which implies that
< <p - 5. This is a contradiction as M is divisible by both 2 and 3.12
Therefore either t s 1 and n s 10, 11, 12, 16, or 32 or t s 2 and n s 22
or 32.
The remaining cases are similar, and we omit the calculations.
We now consider the cases in Table VI using Atlas character tables, to
obtain the following result:
Ž . Ž .THEOREM 4.2. Suppose that hypotheses 1 and 2 of Theorem 1 hold
Ž .and that L ( HrZ H is a sporadic group. Then either
Ž .a H ( 2. J , n s 6 and p s 11 or 19, or2
Ž .b H ( 6.Suz, n s 12 and p s 19.
We prove Theorem 4.2 in a series of lemmas. Suppose that hypotheses
Ž . Ž . Ž .1 and 2 of Theorem 1 hold and that L s HrZ H is sporadic. Our
notation is as in the Atlas. We denote the number of elements in a
< <conjugacy class mX by mX . In multiple covers m.H of H, elements
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which lie in different classes of m.H, whose images in H lie in the class lX
are labeled lX , lX , . . . .0 1
LEMMA 4.3. L \ M .11
Proof. Suppose L ( M . In this case, we have H ( M and G s11 11
KUH s KU = H. By Lemma 4.1, the only possibilities for n are 10, 11, and
16. First suppose that n s 10. There are three characters of degree 10. We
give the eigenspace dimensions of prime order elements on these repre-
sentations in Table VII. We give the calculation in detail for the character
Ž .x . Recall that, for an element g of prime order a, the set D g consists of2
ath roots of unity, and in such a set, we denote a primitive ath root of
unity by v.
Ž . Ž .First consider elements in the class 2A. Since x 2A s 2, the set D 2A2
Ž .consists of ten square roots of unit, which sum to 2. Hence D 2A s
 4 Ž Ž . 1, 1, 1, 1, 1, 1, y1, y1, y1, y1 . For x or x , we have D 2A s 1, 1, 1,3 4
41, y1, y1, y1, y1, y1, y1 , and hence the dimensions of the eigenspaces
. Ž . of 2A elements are again 6 and 4. Similarly, D 3A s 1, 1, 1, 1, v, v, v,
2 2 24  4v , v , v s 3V, 1 , and hence the eigenspaces of 3A elements have
dimensions 4, 3, and 3.
Ž .  2 2 3 3 4 4 4  4 Ž .Also, D 5A s v, v, v , v , v , v , v , v , 1, 1 s 2V and D 11A
2 3 4 5 6 7 8 9 10Ž .  4  4s D 11B s v, v , v , v , v , v , v , v , v , v s V .
By Theorem 3.4, we have
10 < < 6 4 < < 4 3 < < 2 < <q F 2A q q q q 3A q q 2 q q 5A 5q q 11AB 10qŽ . Ž .
s 165q6 q 605q4 q 880q3 q 7920q2 q 14,400q ,
which implies that q - 5.
For the cases n s 11 and n s 16, we perform a similar calculation. Our
Ž Ž .working is given in Table VIII. The set D 11B is obtained fromx6
Ž . .D 11A by squaring each element. Note that M has two conjugatex 116
irreducible characters of degree 16, and the calculation is the same in each
case.
TABLE VII
Eigenspaces of M Elements on 10-Dimensional Representations11
Conjugacy class 1A 2A 3A 5A 11A 11B
Class size 1 165 440 1584 720 720
x 10 2 1 0 y1 y12
x 10 y2 1 0 y1 y13
x 10 y2 1 0 y1 y14
5 10 10Espace dims } 6, 4 4, 3, 3 2 1 1
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TABLE VIII
Eigenspaces of Prime Order Elements of M in Some Representations11
Conjugacy class 1A 2A 3A 5A 11AB
Class size 1 165 440 1584 1440
x 11 3 2 1 05
3Ž .D g 1, 1, . . . , 1 4V, 1 3V, 1, 1 2V, 1 Vx5
4 11x espace dims 11 7, 4 5, 3, 3 3, 2 15
1 'Ž .x 16 0 y2 1 y1 " i 116 2
3 4 5 9Ž .D g 1, 1, . . . , 1 8V 4V, 2V 3V, 1 V, v, v , v , v , vx6
4 5 6x espace dims 16 8, 8 6, 6, 4 4, 3 2 , 16
For n s 11, we have
11 < < 7 4 < < 5 3 < < 3 2 < <q F 2A q q q q 3A q q 2 q q 5A q q 4q q 11AB 11qŽ . Ž . Ž .
s 165q7 q 275q5 q 165q4 q 2629q3 q 6336q2 q 15,840q ,
which implies that q - 6.
For n s 16,
16 < < 8 < < 6 4 < < 4 3 < < 2q F 2A 2 q q 3A 2 q q q q 5A q q 4q q 11AB 5q q 6qŽ . Ž . Ž .
s 330q8 q 880q6 q 2024q4 q 6336q3 q 7200q2 q 8640q ,
which implies that q - 2.
Since 2, 3, and 5 all divide the order of M , L \ M .11 11
Many of the following calculations are similar to those given above and
we supress the details.
LEMMA 4.4. L \ M .12
< Ž . <Proof. Suppose L ( M . First assume that Z H s 1 and t s 1. For12
n s 11,
11 < < 6 5 < < 7 4 < < 5 3 < < 4 3q F 2A q q q q 2B q q q q 3A q q 2 q q 3B 2 q q qŽ . Ž . Ž . Ž .
s 495q7 q 396q6 q 2156q5 q 5775q4 q 15,664q3
q 38,016q2 q 19,008q ,
which implies that q - 6.
For n s 16, elements in the class 2A have an eigenspace of dimension
10 and all other elements of prime order have no eigenspaces of dimension
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greater than 8. Therefore
16 10 < < 8q F 396q q 2 M q ,12
which implies that q - 7.
< Ž . <Now suppose that Z H s 1 and t s 2. The two conjugate irreducible
11-dimensional characters of M fuse to give a single irreducible 22-di-12
mensional character of M .2. In the corresponding representation of12
M .2, the outer involutions interchange the 11-dimensional representa-12
tions of M . These elements lie in G y GU , and their contribution to our12
inequality in Theorem 3.4 was considered in the set Y in Lemma 3.7.
Similarly, the 16-dimensional characters of M fuse to give a 32-dimen-12
sional character of M .2. Applying Theorem 3.4 to the 22-dimensional12
character, we have
22 < < 12 10 < < 14 8q F 2A q q q q 2B q q qŽ . Ž .
< < 10 6 < < 8 6q 3A q q 2 q q 3B 2 q q qŽ . Ž .
< < 6 4 < < 2 < < 22r2q 5A q q 4q q 11AB 11q q 2C q q 1 qŽ .Ž .
< < 14- 2 M .2 q ,12
which implies that q - 7.
For the 32-dimensional character x of M .2, we similarly obtain4, 5 12
32 < < 20q F 2 M .2 q , which implies that q - 3.12
< Ž . <Next suppose that Z H s 2. The faithful irreducible representations
of 2.M of degree at most 32 all split to give two new representations of22
2.M .2, and hence in these cases t s 1. For n s 10,22
10 < < 5 < < 6 4 < < 4 3 < < 4 2q F 2A 2 q q 2B q q q q 3A q q 2 q q 3B 2 q q qŽ . Ž . Ž .0 01 0 0
< < 2 < < < < 5q 5A 5q q 11A B 10q q 2C 2 q0 0 0 0
s 990q6 q 1584 q 3168 q5 q 990 q 1760 q 3520 q4Ž . Ž .
q 3520q3 q 1760 q 47,520 q2 q 172,800q ,Ž .
which implies that q - 7.
For n s 12,
12 < < 6 < < 8 4 < < 6 3 < < 4q F 2A q q 2B q q q q 3A q q 2 q q 3B 3qŽ . Ž .0 01 0 0
< < 4 2 < < 2 < < 5q 5A q q 4q q 11A B q q 10q q 2C qŽ . Ž .0 0 0 0
s 990q8 q 792 q 1760 q6 q 3168q5 q 990 q 7920 q 9504 q4Ž . Ž .
q 3520q3 q 38,016 q 17,280 q2 q 172,800q ,Ž .
which implies that q - 6.
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For n s 32, none of the elements under consideration have eigenspaces
of dimension more than 16. This gives
32 < < 16q F 2. 2.M .2 q ,12
which implies that q - 3.
Since all primes less than 7 divide the order of M , q - 7 is a12
contradiction and we have shown that L \ M .12
LEMMA 4.5. L \ M .22
< Ž . <Proof. Suppose that L ( M . First assume that Z H s 1. For n s22
21, no elements of prime order in M .2 have eigenspaces of dimension22
larger than 14. Therefore
21 < < 14q F 2. M .2 q ,22
which implies that q - 10.
< Ž . <Next assume that Z H s 2. For the 10-dimensional representations of
2.M .2,22
10 < < 6 4 < < 4 3 < < 2q F 2A q q q q 3A q q 2 q q 5A 5qŽ . Ž .01 0 0
< < 2 < < < < 7 3 < < 5q 7A B 3q q 4q q 11A B 10q q 2B q q q q 2C 2 qŽ . Ž .0 0 0 0 01 0
s 660q7 q 2310q6 q 5544q5
q 2310 q 12,320 q4 q 12,320 q 660 q3Ž . Ž .
q 443,520 q 380,160 q2 q 506,880 q 806,400 q ,Ž . Ž .
which implies that q - 10.
< Ž . <Finally suppose that Z H s 3. For n s 21, the largest dimension of
an eigenspace of any of the elements of quasi-prime order in 3.M is 13.22
Therefore
21 < < 13q F 2 3.M q ,22
which implies that q - 9. In the corresponding t s 2 case, the two
conjugate 21-dimensional representations fuse on 3.M .2, and we obtain22
at least as good a bound for q as above.
Since all primes less than 10 divide the order of M , L \ M .22 22
< Ž . <LEMMA 4.6. If L ( J , then p s 11 or 19, n s 6, and Z H s 2.2
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< Ž . <Proof. Suppose that L ( J . First assume that Z H s 1 and t s 1.2
For n s 14, we have
14 < < 8 6 < < 8 3 < < 5 4q F 2AB q q q q 3A q q 2 q q 3B 2 q q qŽ . Ž . Ž .
< < 4 < < 4 3 2 < < 2q 5AB 3q q 2 q q 5CD q q 2 q q 2 q q 7A 7qŽ . Ž .
8 < < 6- 315 q 2520 q 560 q q J q ,Ž . 2
which implies that q - 7.
For n s 21, we obtain
21 < < 13q F 2 J q ,2
which gives a better bound than the inequality above.
< Ž . <Next consider the case Z H s 1 and t s 2. Outer automorphisms in
J .2 interchange the two 14-dimensional representations of J . Therefore2 2
the contribution of these elements to the inequality in Theorem 3.4 is
< <Ž . 14given by 2C q q 1 q . We have
28 < < 16 12 < < 16 6 < < 10 8q F 2AB q q q q 3A q q 2 q q 3B 2 q q qŽ . Ž . Ž .
< < 8 5 < < 8 5 < < 4 < < 14q 5AB q q 4q q 5CD q q 4q q 7A 7q q 2C q q 1 qŽ .Ž . Ž .
< < 16- 2.2 J q ,2
again giving a better bound than above.
Similarly, outer automorphisms in J .2 interchange the two 21-dimen-2
sional representations, and as above we easily obtain a contradiction.
< Ž . <Next suppose that Z H s 2 and t s 1. For the six-dimensional repre-
sentations,
1 16 4 2 3 3 2< < < < < < < <2 q F 2A q q q q 2B 2 q q 3A 2 q q 3B 3qŽ .01 0 01 012 2
1 1 12 2< < < < < <q 5A B 3q q 5C D 2 q q 2 q q 7A 6qŽ .01 01 01 01 012 2 2
s 630q4 q 10,080 q 1120 q3Ž .
q 630 q 50,400 q 12,096 q 48,384 q2 q 48,384 q 518,400 q ,Ž . Ž .
w x Ž .which implies that q - 26. Therefore p F 23. By 4 , J F L p exactly2 6'w xwhen p is odd and F s F 5 . Therefore the only possibilities for p arep p
11 and 19.
For n s 14,
14 < < 10 4 < < 7 < < 6 2 < < 6 4q F 2A q q q q 2B 2 q q 3A 2 q q q q 3B q q 2 qŽ . Ž . Ž .01 0 01 01
< < 6 2 < < 3 2q 5A B q q 4q q 5C D 4q q qŽ . Ž .01 01 01 01
< < 2 < < 7q 7A 7q q 2C 2 q01 0
10 < < 7- 630q q 22 2. J .2 q ,2
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which implies that q - 11.
< Ž . <Finally consider the case Z H s 2 and t s 2. The six-dimensional
characters of 2. J fuse to give one character of 2. J .2. We have2 2
12 < < 8 4 < < 6 < < 6 < < 4q F 2A q q q q 2B 2 q q 3A 2 q q 3B 3qŽ .01 0 0 0
< < 4 2 < < 3 < < 2 < < 6q 5A B q q 4q q 5C D 4q q 7A 6q q 2C q q 1 qŽ .Ž .0 0 0 0 0 0
8 7 6 < < 4- 630q q 3600q q 10,080 q 1120 q 3600 q q 3. 2. J .2 q ,Ž . 2
which implies that q - 11.
With the exceptions noted above, we have shown that q - 11, and since
all primes less than 11 divide the order of J , if L ( J , then n s 6 and2 2
p s 11 or 19.
LEMMA 4.7. L \ J .3
Proof. Suppose that L ( J . We have nrt s 18 and either t s 1 or3
t s 2. First suppose that t s 1. For the 18-dimensional representations of
3. J , we have3
18 < < 10 8 < < 8 5 < < 6q F 2A q q q q 3A q q 2 q q 3B qŽ . Ž .0 012 0
< < 3 4 < < 2 < <q 5A B 2 q q 3q q 17A B q q 16q q 19A B 18qŽ . Ž .0 0 0 0 0 0
10 8 < < 6- 26,163q q 26,163 q 139,536 q q 3 3.3J q ,Ž . 3
which implies that q - 7.
Next suppose that t s 2. On 3. J .2, each character x of degree 18 fuses3
with a character whose proxy is conjugate to x under the algebraic
' Žconjugation which changes the sign of 5 . The proxy of each of these
characters is the character obtained by applying the algebraic conjugacy
2p i r3 2 .which takes v s exp to v . We can obtain a sufficiently good
estimate without calculating the character values by simply doubling the
dimensions in the above inequality for elements in 3. J . This gives3
36 < < 20 < < 18q F 2.3 J q q 2C q q 1 q ,Ž .3
which implies that q - 7.
The order of J is divisible by 2, 3, and 5, so L \ J .3 3
< Ž . <LEMMA 4.8. If L ( Suz, then p s 19, n s 12, and Z H s 6.
Proof. Suppose that L ( Suz. We know that nrt s 12. First suppose
t s 1. Let g be an element in the conjugacy class 2A of Suz, and let
g , g , . . . , g be the pre-images of g in 6.Suz. We can choose a basis of V0 1 5
Žsuch that g is represented by the matrix J s diag 1, 1, 1, 1, y1, y1, y1,0
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.y1, y1, y1, y1, y1 . The elements g are represented by the matricesi
v iJ, where v is a primitive sixth root of unity. The elements g , g , g ,1 2 4
and g of order 6 cube to either g or g , and therefore we need not count5 0 3
their contribution. Also g s y1. g , where y1 is the central involution of0 3
6.Suz, and therefore g and g have eigenspaces of corresponding dimen-0 3
sions. Hence we need only count the eigenspaces of the pre-image g of g.0
Elements in the class 2B of Suz have pre-images in 6.Suz lying in one of
three conjugacy classes, containing elements of orders 4, 12, and 12,
respectively. Such elements of order 12 cube to give pre-images of 2B
elements of order 4, so the contribution from these order 12 elements may
be ignored. Similarly, we need only count the contribution of one pre-image
of each of the remaining prime order elements of Suz.
For the 12-dimensional representations of 6.Suz,
1 112 8 4 6 6 6 3< < < < < < < <q F 2A q q q q 2B 2 q q 3A 2 q q 3B q q 2 qŽ . Ž .0 0 0 ] 5 0 ] 52 2
1 1 1 14 3 4 2 2< < < < < < < <q 3C 3q q 5A 4q q 5B q q 4q q 7A 6qŽ .01 0 0 02 2 2 2
1 12< < < <q 11A q q 10q y 13A B 12 qŽ .0 0 02 2
s 135,135q8 q 33,359,040 q 274,560 q 38,438,400 q6Ž .
q 135,135 q 1,245,404,160 q 747,242,496 q4Ž .
q 76,876,800 q 498,161,664 q3Ž .
q 2,988,969,984 q 16,012,339,200 q 20,379,340,800 q2Ž .
q 203,793,408,000 q 413,857,382,400 q ,Ž .
which implies that q - 23.
'The 12-dimensional representations of 6.Suz involve y 3 , so we must
'w xhave F s F y 3 . Thus the only possibility for p in these cases is 19.p p
Ž < <This is the best result we can obtain by this method since 2A s 135,1350
4 .and 19 - 135,135.
Now suppose that t s 2. In 6.Suz.2, the 12-dimensional characters fuse.
We have
24 < < 16 < < 12 < < 12q - 2A q q 2C D q q q 1 q 2 6.Suz q ,Ž .0 ] 5 0 0
which implies that q - 17, so this case does not occur.
LEMMA 4.9. L \ Co .2
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Proof. Suppose that L ( Co . The 23-dimensional representation of2
Co gives2
23 < < 16 < < 15 < < 12 11 < < 11 < < 9q - 2A q q 2B q q 2C q q q q 3B q q 3 Co qŽ . 2
s 569,250q16 q 1,024,650q15 q 28,690,200 q12 q q11Ž .
q 272,025,600q11 q 3.42305421312000q9 ,
which implies that q - 13. Therefore L \ Co .2
LEMMA 4.10. L \ Co .1
Proof. Suppose that L ( Co . The 24-dimensional representation of1
2.Co gives1
24 < < 16 8 < < 12 < < 12 < < 12 < < 9q - 2A q q q q 2B C 2 q q 3A 2 q q 3B q q 3C 2 qŽ .01 0 0 01 01 01
< < 8 < < 8 < < 7q 3D 3q q 5B q q 4 2.Co q ,01 01 1
which implies that q - 17, so L \ Co .1
LEMMA 4.11. L is not contained in the following set of groups: L s
 4M , M , HS, McL, Ru, Co , Fi .23 24 3 22
Proof. Suppose that L is contained in L . By Lemma 4.1, for each L in
L , there is only one possible value of n, and, given L, we know H. Also,
t s 1 in each case. In Table IX, we list the three largest eigenspace
dimensions of quasi-prime order elements of H, which we label d G d G1 2
d and also the classes of elements having the two largest eigenspaces.3
Suppose L ( M . Then23
22 < < 14 < < 10 < < 8q F 2A q q 3A q q 22r8 M qu v 23
s 3795q14 q 56,672 q10 q 30,602,880q8 ,
< <which implies that q - 4. Since 2 and 3 divide M , L \ M . We23 23
similarly obtain contradictions for the other groups in L .
TABLE IX
Eigenspaces of Some Elements in Minimal Representations of Sporadic Groups
H n d Class d Class d1 1 2 2 3
M 22 14 2A 10 3A 823
M 23 16 2A 12 2B 1124
HS 22 15 2C 14 2A 12
McL 22 14 2A 11 2B 11
2.Ru 28 16 2A 16 2A 140 1
Co 23 15 2A 12 2B 113
Fi 78 56 2A 50 2D 4622
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5. REGULAR ORBITS OF ALTERNATING GROUPS
In this section, we prove Theorem 1 under the assumption that L s
Ž .HrZ H is alternating.
Ž . Ž .THEOREM 5.1. Suppose that hypotheses 1 and 2 of Theorem 1 hold,
Ž .that L ( HrZ H is an alternating group, and that V is not the deleted
permutation module for H. Then Table X lists the possibilities for H, n, and p.
Remark. At the end of this section, we demonstrate that, in the case
H s 2. A and n s 2, all of the possible values for p in Table X are5
genuine.
For the remainder of the section, assume that the hypotheses of Theo-
rem 5.1 hold, and that L ( A .c
LEMMA 5.2. c - 16.
Proof. Suppose c G 16. If H s 2. A , by Proposition 2.8 we have nrt Gc
?Žcy2.r2 @ Ž . Ž2 . If H s A , by Proposition 2.7 we have nrt G c c y 3 r2. Byc
.hypothesis, V is not the deleted permutation representation. For c G 16,
?Žcy2.r2 @ Ž . Ž .2 ) c c y 3 r2, and hence nrt G c c y 3 r2.
First suppose that t s 1 so that k s K. We know that GrkU ( A or S .c c
U U Ž .For g g G y k write g for the image of g in Grk . Define b g s c y
Ž . Ž .  4j g , where j g is the number of orbits of g on 1, . . . , c . By Proposition
2.1,
r g s r g F d g s c y 2 rb g q G g ,Ž . Ž . Ž . Ž . Ž . Ž .
Ž .where G g s 4 if g is a fixed-point-free involution, 1 if g is a transposi-
Ž .tion, or 2 otherwise. The elements g g S with b g F 3 have cyclec
Ž . Ž . Ž . Ž . Ž . Ž .shapes: 2 , 3 , 4 , 2, 2 , 3, 2 , and 2, 2, 2 . For these elements, we have
TABLE X
Possibilities for an Alternating Group with No Regular Orbit
H n Possible values of p
2. A 4 117
A 5 7, 11, 13, 17, 196
2. A 4 7, 11, 136
3. A 3 196
3. A 6 76
A 3 115
A 4 7, 11, 135
2. A 2 11, 19, 29, 31, 41, 615
2. A 4 7, 115
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TABLE XI
Ž .Elements g in S with b g F 3c
Ž . Ž .Cycle shape of g b g d g Number of elements
c2 1 c y 1 ž /2
c y 2 c3 2 q 2 .2ž /32
c y 2 c2, 2 2 q 2 .3ž /42
c y 2 c4 3 q 2 .3!ž /43
c y 2 c3, 2 3 q 2 .5.4ž /53
c y 2 c2, 2, 2 3 q 2 .5.3ž /63
Ž . Ž . Ž . Ž . Ž . uŽr g F d g , where d g is as in Table XI. If b g ) 3, r g F c y
. v Ž .2 r4 q 2 F c q 9 r4.
By Proposition 3.1,
c c cn nŽ1y1rŽcy1.. nŽ1y2rŽcq3..q - 2 q q 3 q 2 qž / ž / ž /ž 2 4 3
c c c nŽ1y3rŽcq6.. nŽ1y4rŽcq9..q 15 q 20 q 6 q q c!q .ž / ž / ž / /6 5 4
Therefore
c4 n rŽcq9. nŽ4rŽcq9.y1rŽcy1..2c!) q y 2 qž /2
c c nŽ4rŽcq9.y2rŽcq3..y 2 3 q 2 qž / ž /4 3
c c c nŽ4rŽcq9.y3rŽcq6..y 2 15 q 20 q 6 q .ž / ž / ž /6 5 4
Ž .Since q ) c G 16 and n G c c y 3 r2, it follows that
2c!) q4 n rŽcq9. y q3n rŽcq9.q2 y q2 n rŽcq9.q4 y q n rŽcq9.q6 .
The second, third, and fourth terms on the right-hand side are all less than
1 4 n rŽcq9.q . Hence6
cc ) q4 n rŽcq9. .
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As q ) c, this implies that
c c q 9 ) 4n G 2c c y 3 ,Ž . Ž .
contradicting c G 16.
Next suppose t s 2. Again using Proposition 3.1, we have
c c cn nŽ1y1rŽcy1.. nŽ1y2rŽcq3..q - 2 q q 1 q q 3 q 2 qŽ . ž / ž / ž /ž 2 4 3
c c nŽ1y3rŽcq6.. nŽ1y4rŽcq9..q 15 q 6 q q c!q .ž / ž / /6 4
Hence
2c! q q 1 ) q4 n rŽcq9.Ž .
c nŽ4rŽcq9.y1rŽcy1..y 2 q q 1 qŽ . ž /ž 2
c c nŽ4 n rŽcq9.y2rŽcq3..q 3 q 2 qž / ž /4 3
c c nŽ4 n rŽcq9.y3rŽcq6.. nŽ1y4rŽcq9..q 15 q 6 q q c!q .ž / ž / /6 4
Ž . 4 n rŽcq9. Ž . cIt follows that 4c! q q 1 ) q . Since nrt G c c y 3 r2, c )
4 cŽcy3.rŽcq9.y2c , again contradicting c G 16.
LEMMA 5.3. c - 14.
Proof. Suppose that c s 14 or 15. By Propositions 2.7 and 2.8, we have
 ?Ž14y2.r2 @ Ž . 4nrt G min 2 , 14 14 y 3 r2 s 64. First assume that t s 1. As in
ULemma 5.2, for an element g g G, write g for the image of g in Grk .
Ž . ? Ž .vIf g is a fixed-point-free involution in S , then r g F 12r 14 y 7 q14
4 s 6. Assume g is not a fixed-point-free involution. By Proposition 2.1,
Ž . u Ž .v Ž . Ž . u vr g F c y 2rb g q 2. Thus, for b g ) 3, we have r g F c y 2r4
q 2 F 6.
Ž . Ž . Ž . Ž .The elements g g S with b g F 3 have cycle shapes: 2 , 3 , 2, 2 ,c
Ž . Ž . Ž . Ž . Ž . Ž .4 , 3, 2 , or 2, 2, 2 . For these elements, we have r g F d g , where d g
is as in Table XI.
By Proposition 3.1,
c c cn ?Žcy2.rŽcy1.@ ?Žcy7.n rŽcy6.@q - 2 q q 2 q 3 qž / ž / ž /ž 2 3 4
c c c ?Žcy9.n rŽcy8.@ ?5n r6 @< <q 6 q 20 q 15 q q S q .cž / ž / ž / /4 5 6
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We may take n to be minimal, that is, n s 64. Larger n would give us a
better bound for q, since, for fixed q prime, fixed c, and n G 64,
c c cn ?Žcy2.n rŽcy1.@ ?Žcy7.n rŽcy6.@q y 2 q q 2 q 3 qž / ž / ž /ž 2 3 4
c c c ?Žcy9.n rŽcy8.@ ?5n r6 @< <q 6 q 20 q 15 q q S qcž / ž / ž / /4 5 6
is an increasing function of n.
This gives q64 - 210q59 q 10,010q56 q 5,563,740q54 q 2.15!q53, which
implies that q - 14, which is a contradiction.
Next assume that t s 2. As above, we obtain
c c cn ?Žcy2.n rŽcy1.@ ?Žcy7.n rŽcy6.@q - 2 q q 1 q q 2 q 3 qŽ . ž / ž / ž /ž 2 3 4
< < ?Žcy9.n rŽcy8.@q2 S q .c /
But nrt G 64, so n G 128 and we obtain another contradiction.
w xFor c F 13, the character table of 2.S is given in 4 . We denote ac
character of H of degree m by c . We also use the notation x to referm m
to the Atlas character x in cases where there are several characters ofm
the same degree.
On groups G.2, where a character splits, we refer to the character
printed in the Atlas as cq. We denote the character which takes them
unprinted values on G.2 outside G by cy. We refer to an unprintedm
character which is conjugate to the character x as x U.m m
Ž < <. r ŽL.r R pŽL. Ž Ž .We first use the inequality p F 3 Aut H provided R L )p
Ž ..r L of Proposition 3.2 to reduce the number of cases we must consider.
We then make use of the methods described in Section 3 to obtain bounds
for q in the remaining cases.
LEMMA 5.4. c - 10.
Proof. Suppose that 10 F c F 13. First, notice that nrt F c q 53, since
Ž .Žcy1.rŽcq53.otherwise Proposition 3.2 gives p F 3.2.c! , which implies that
w xp F c, a contradiction. Observe from 4 that, for all the remaining n-di-
mensional representations, no element of H of quasi-prime order has an
eigenspace of dimension greater than n y c q 3. Thus, by Theorem 3.4,
cy3we have q F 4c!, which again gives q F c, a contradiction.
LEMMA 5.5. c / 9.
Ž .8r56Proof. Suppose c s 9. If nrt G 56, q F 3.2.9! - 9, which is a
< Ž . <contradiction. Suppose Z H s 1. For the 21-dimensional representa-
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21 < < 11tions of A , we have q F 2. A q , which implies that q - 4. These9 9
42 < <Žrepresentations fuse on S , and, in the t s 2 case, we have q F 2. S q9 9
. 22q 1 q , which is another contradiction.
27 < < 21For c , q F 2. S q , which implies that q - 10. In the representa-27 9
tions of degrees 28, 35, 42, and 48, each element of prime order has no
eigenspace of dimension as large as n y 6, so these cases follow.
< Ž . <Next suppose Z H s 2. For the conjugate eight-dimensional repre-
sentations, the dimensions of the eigenspaces of certain elements of 2. A9
are given in Table XII. Elements in the class 2A of A lift to elements of9
Žorder 4 in a class 2A in 2. A . Our notation for conjugacy classes of0 9
covering groups of simple groups is as in the Atlas. We label the d distinct
conjugacy classes of elements lying above a class mX by mX , mX , . . . ,0 1
.mX . Elements in the class 2A square to the central involution indy1 0
Ž .2. A . The set D 2A can therefore be uniquely determined since its9 0
elements square to y1.
For an element g in one of the classes 3ABC, 5A, or 7A in A , there9
are two distinct classes of elements in 2. A lying above the class of g. The9
Ž . Ž .elements of these classes have orders o g and 2.o g , respectively. Ele-
ments in the second class square to elements in the first class, so we need
not consider the contribution of the eigenspaces of such elements in the
following inequality. Therefore, by Theorem 3.4,
8 < < < < < < < < 4 < < 3q F 2A q 2B q 2 3A q 3C q q 2 3B qŽ .0 0 0 0 0
< < < < < < < < 2 < <q 3B q 2 3C q 4 5A q 7A q q 6 7A qŽ .0 0 0 0 0
s 756 q 1890 q 672 q 6720 q4 q 8960q3Ž .
q 4480 q 13,440 q 24,192 q 51,840 q2 q 311,040q ,Ž .
which implies that q - 11.
TABLE XII
Eigenspaces of Elements of 2. A on the Irreducible9
Eight-Dimensional Representations
Ž . Ž .Class of g c g D g Eigenspace dimensions
 42A 0 4 i, y4 i 4, 40
 42B 0 4, y4 4, 40
 43A y4 4V 4, 40
 43B y1 2V, V 3, 3, 20
 43C 2 2V, 2 4, 2, 20
4 45A y2 2V 20
6 47A 1 V, 1 2, 10
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In some of the following lemmas, we perform a calculation similar to
that above, and the details of calculating the eigenspace dimensions are
not given in detail.
The conjugate eight-dimensional representations fuse on 2.S , and, in9
the corresponding t s 2 case, we have
16 < < 8 < < 8q F 2. A q q S q q 1 q ,Ž .9 9
which implies that q - 7.
On the conjugate 48-dimensional representations, no element of quasi-
prime order in 2. A has an eigenspace of dimension greater than 24, so9
this case easily follows. Therefore L \ A .9
LEMMA 5.6. c / 8.
< Ž . < Ž .7r35Proof. Suppose c s 8. If Z H s 1 and nrt G 35, q F 3.8! - 11.
< Ž . < Ž .7r48If Z H s 2 and nrt G 48, q F 3.2.8! - 8. Thus these cases cannot
occur.
< Ž . <Suppose that Z H s 1. For the representations with 20 F nrt F 35,
no prime order element has an eigenspace of dimension greater than
5 < <n y 5. Therefore q F 2. S , which implies that q - 10.8
For c , we have14
14 < < 10 < < 9 10 9q F 2A q q 2 S q s 105q q 80,640q ,8
which implies that q - 11.
< Ž . < "Next suppose Z H s 2. For c ,8
8 4 < < < < < < < < 2q F q 2A B C D q 2 3A q 3B q 4 S qŽ .0 0 0 0 0 0 8
s 210 q 420 q 56 q 840 q 224 q 1120 q4 q 161,280q2 ,Ž .
which implies that q - 11.
On the conjugate 24-dimensional representations of 2. A , no element of8
quasi-prime order has an eigenspace of dimension grater than 12, so this
case follows easily. We have shown that in each case q - 11. Therefore
L \ A .8
LEMMA 5.7. If c s 7, then p s 11, H s 2. A , and n s 4.7
< Ž . <Proof. Suppose c s 7. First assume that Z H s 1 and t s 1. For any
Žn-dimensional irreducible representation of H as usual excluding the
.trivial and deleted permutation representations , the largest dimension of
an eigenspace of any prime order element of H is at most n y 4.
4 < <Therefore q F 2. S , which implies that q - 11.7
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TABLE XIII
Eigenspaces of Elements of 2. A on the Irreducible7
Four-Dimensional Representation x10
Ž . Ž .Class of g x g D g Eigenspace dimensions10
 42A 0 i, i, yi, yi 2, 20
2 2 43A y2 v, v, v , v 2, 20
2 43B 1 1, 1, v, v 2, 1, 10
2 3 4 4 45A y1 v, v , v , v 10
1 3 5 6 4'Ž .  47A 1 y i 7 1, v , v , v 10 2
1 2 4 4'Ž .  47B 1 q i 7 1, v, v , v 10 2
< Ž . <The only case where Z H s 1 and t s 2 is that in which the two
20 < < 12characters of dimension 10 fuse on S . In this case, q F 2 A q q7 7
< < 10Ž .2 A q q q 1 and again q - 11.7
< Ž . <Next suppose Z H s 2. First we consider the case n s 4. Let g and0
g in 2. A be the elements which lie above g in A . For any character x ,1 7 7
Ž . Ž . Ž . Ž .x g s yx g and therefore D g is obtained from D g by replacing0 1 1 0
each element with its negative. Thus the elements g and g have0 1
corresponding eigenspaces and we need not count the eigenspaces of both
elements in the inequality of Theorem 3.4. For this reason q4 has the
coefficient 2 in the following inequality. For elements g of odd prime
Ž .order a, we need only count the contribution of 1r a y 1 of such
elements in each conjugacy class.
Using Table XIII, for the irreducible conjugate four-dimensional repre-
sentations of 2. A , we have7
1 14 2 2 2< < < < < <2 q F 2 2A q q 3A 2 q q 3B q q 2 qŽ .0 01 012 2
1 1< < < <q 5A 4q q 7A B 4q01 01 014 6
s 420 q 140 q 280 q2 q 560 q 2016 q 2880 q ,Ž . Ž .
Ž . Ž .which implies that q - 23. Observe that L 17 and L 19 do not contain4 4
elements of order 7. Also, the irreducible four-dimensional representations
' Ž .of 2. A involve y 7 , which is not contained in F , so A g L 13 , and7 13 7 4
hence we have p s 11.
These representations fuse on 2.S and, in the t s 2 case, we have7
1 1 18 4 4 4 2 2< < < < < < < <2 q F 2 2A q q 3A 2 q q 3B q q 2 q q 5A 4qŽ .0 01 01 012 2 2
1 2 4< < < <q 7A B q q 6q q 2B C q q 1 qŽ .Ž .01 01 0 02
s 42 q 210 q5 q 420 q 140 q 280 q 42 q 210 q4Ž . Ž .
q 560 q 2016 q 720 q2 q 4320q ,Ž .
which implies that q - 7.
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In the remaining representations of 2. A , no eigenspace of an element7
of quasi-prime order has dimension greater than nr2. Therefore q14 F
< < 7 Ž2.S 2 q , which implies that q - 5. The fusion of the two 14-dimensional7
.representations on 2.S gives a better bound.7
< Ž . <Next suppose Z H s 3 and t s 1. For n s 6,
1 1 16 4 2 2 2< < < < < < < <q F 2A q q q q 3A B 3q q 5A q q 4q q 7A B 6qŽ . Ž .0 0 0 0 0 06 2 2
s 105q4 q 105 q 105 q 420 q 252 q2 q 1008 q 2160 q ,Ž . Ž .
which implies that q - 11.
If n s 15, 21, or 24, no eigenspaces of quasi-prime order elements of
6 < <3. A have dimension greater than n y 6. Therefore q F 3. A , which7 7
implies that q - 5.
< Ž . <Now suppose Z H s 3 and t s 2. The conjugate six-dimensional
representations fuse on 3.S and we have7
12 8 4 2 < < 6q F 105q q 882 q q 3168q q 2B C q q 1 qŽ .0 0
8 < < 7- 105q q 3.S q ,7
which implies that q - 8.
Also, the 15- and 21-dimensional representations fuse with their conju-
Ž 2p i r3.gates under the conjugation that squares v s exp , and we have
n < < ny12 < < n r2q F 3. A q q 3. A q q q 1 ,Ž .7 7
giving a better bound than the previous inequality.
In the case of the 24-dimensional representations, x fuses with x U22 23
U 48 < < 24 Ž .and x fuses with x . We obtain q F 2 3.S q q q 1 , which implies22 23 7
that q - 3.
< Ž . <Finally suppose that Z H s 6. For the six-dimensional representa-
tions of 6. A , we have7
1 1 1 16 3 2 2< < < < < < < <q F 2A 2 q q 3A B 3q q 5A q q 4q q 7A B 6qŽ .0 0 0 0 0 02 6 2 2
s 210q3 q 525 q 252 q2 q 1008 q 2160 q ,Ž . Ž .
which implies that q - 8.
These characters fuse on 6.S to give two 12-dimensional characters,7
which takes values x q x U and x U q x on 6. A . In these cases,24 25 24 25 7
12 < < 7q F 6.S 2 q ,7
which implies that q - 10.
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If n s 24 or 36, no elements of quasi-prime order in 6. A have7
eigenspaces of dimension larger than nr2. Hence, in these cases, q12 F
< <2. 6.S , which implies that q - 3.7
We have shown that, provided x / x or x , q - 11, which is not10 11
< Ž . <possible. The only possibility is that Z H s 2 and n s 4, in which case
p s 11.
LEMMA 5.8. If c s 6, then p F 19, and the possibilities for H and the
corresponding possible ¤alues for n and p are as gi¤en in Table X.
< Ž . <Proof. Suppose c s 6. First assume that Z H s 1. For the five-
dimensional representations of A ,6
1 1 15 3 2 3 2< < < < < < < <q F 2A q q q q 3A q q 2 q q 3B 2 q q q q 5AB 5qŽ . Ž . Ž .2 2 2
s 45 q 20 q3 q 45 q 40 q2 q 40 q 20 q 360 q ,Ž . Ž . Ž .
which implies that q - 9.
On S , we have6
q5 F 45 q 20 q3 q 45 q 40 q2 q 40 q 20 q 360 qŽ . Ž . Ž .
< < 3 2 < < 4 2q 2B q q q q 2C q q qŽ . Ž .
s 15q4 q 80q3 q 115q2 q 420q ,
which implies that q - 23.
The five-dimensional representations fuse on A .2 . We have6 2
1 110 6 4 4 3 2 5< < < < < < < <q F 2A q q q q 3AB q q 2 q q 5AB 5q q 2D q q q 1Ž .Ž . Ž .2 2
6 < < 5- 81q q 2 A .2 q ,6
which implies that q - 5.
Next consider the conjugate eight-dimensional representations of A .6
8 5 < < 4Each of these splits on A .2 and we have q F 36q q 2 A .2 q , which6 2 6
implies that q - 7. These representations fuse on S , and we obtain6
16 < < 9q F 2 S q , a contradiction.6
The remaining representations of degrees 9 and 10 both split on A .26 1
and A .2 and in each case the only non-identity elements which have6 2
eigenspaces of dimension larger than n y 4 are involutions. We have
n < < ny3 < < ny4q F 2BC q q 2 A .2 q , which gives a better bound than the in-6
equality corresponding to the eight-dimensional representations in this
case.
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Next we consider the case H ( 2. A . For the four-dimensional repre-6
sentations of 2.S ,6
4 < < 2 < < 2 < < 2 < < < < 22 q F 2A 2 q q 3A 2 q q 3B q q 2 q q 5A B 4q q 2B C 2 qŽ .0 0 0 0 0 0 0
s 180 q 80 q 40 q 120 q2 q 80 q 576 q ,Ž . Ž .
which implies that q - 16. Therefore in this case the possibilities for p are
7, 11, and 13.
These representations fuse on 2. A .2 , and in this case6 2
8 4 2 < < 42 q F 180 q 80 q 40 q 120 q q 80 q 576 q q 2D q q q 1Ž . Ž . Ž .0
s 36q5 q 456q4 q 656q2 ,
which implies that q - 5.
Next, consider the 8- and 10-dimensional representations of 2. A .2 . In6 2
each case, the largest eigenspace of any non-central prime order element
4 < <of 2. A .2 is nr2. This gives q F 2. A .2 , which implies that q - 7.6 2 6
These representations fuse on 2.S , and, in each case, no non-central6
prime order element of 2. A has an eigenspace of dimension greater than6
nr2. The elements in 2.S which lie above transpositions in S fix spaces6 6
n r2q1 16 < < 9of dimension at most q . Hence q F 2 2. A .2 q , which gives a6
better bound than before.
< Ž . <Next suppose Z H s 3. There are four three-dimensional representa-
tions of 3. A with characters x , x U , x , and x U . In these cases, we6 14 14 15 15
have
1 13 2< < < < < <q F 2A q q q q 3A B 3q q 5A B 3qŽ .0 0 0 0 06 2
s 45q2 q 45 q 120 q 216 q ,Ž .
which implies that q - 53. By Lagrange’s theorem, the only possibility for
p is 19.
On 3.S , x fuses with x U and x U fuses with x . For these represen-6 14 15 14 15
tations,
6 4 2 2 < < 3q F 90q q 90q q 45 q 120 q q 72 q q 4q q 2B C q q q 1Ž . Ž .Ž . 0 0
s 90 q 90 q4 q 90q3 q 162 q2 q 453q ,Ž .
Ž .which implies that q - 14, which is a contradiction since 3. A g L p for6 3
7 F p F 13.
On 3. A .2 , x fuses with x U and x fuses with x U . We have6 2 14 14 15 15
6 4 2 < < 3q F 90q q 381q q 2D q q q 1Ž .0
s 90 q 108 q4 q 108q3 q 381q2 ,Ž .
which implies that q - 15, again a contradiction.
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On 3. A .2 , x fuses with x and x U fuses with x U . In these cases6 3 14 15 14 15
we have
q6 F 90q4 q 90q2 q 45 q 120 q q 72 q2 q 4q ,Ž . Ž .
Žwhich implies that q - 10, another contradiction. We do not need to
count the contribution of any outer elements in 3. A .2 , since they each6 3
.have a non-central non-outer power.
Next we consider the conjugate six-dimensional representations of 3. A .6
We have
q6 F 45 q4 q q2 q 120q2 q 72 q2 q 4q ,Ž . Ž .
which implies that q - 8, and hence p s 7.
On 3. A .2 and 3. A .2 , these characters fuse and we have6 1 6 2
q12 F 45 q8 q q4 q 120q4 q 72 q4 q 4q2 q 108 q q 1 q6 ,Ž .Ž . Ž .
Žwhich implies that q - 4. We counted the number of outer involutions in
.3. A .2 as there are less outer involutions in 3. A .2 .6 2 6 1
On 3. A .2 , these characters split, each giving two more conjugate6 3
characters, and since we need not count the contribution from outer
elements, we obtain the same inequality as in the case 3. A .6
If n s 9 or 15, the largest eigenspaces of quasi-prime order elements in
3. A on these representations have dimension at most n y 4. We have6
4 < <q F 3. A , which implies that q - 6. In the fusion cases, we obtain6
8 < <q F 3. A .2 , which is also not possible.6
< Ž . <Finally suppose Z H s 6. There are two sets of algebraically conju-
gate representations of 6. A of dimension 6, but each one takes the same6
character values on elements of quasi-prime order in 6. A . In these cases,6
16 3 2 2< < < < < <2 q F 2A 2 q q 3A B 3q q 5A B q q 4qŽ .0 0 0 0 03
s 180q3 q 240 q 144 q2 q 576q ,Ž .
which implies that q - 6.
Each of these representations fuses with another on 6. A .2 and on6 1
6. A .2 and we have6 2
12 < < 6q F 6. A .2 q q q 1 ,Ž .6
which implies that q - 6.
On the remaining 12-dimensional representations of 6. A , no non-6
central elements have eigenspaces of dimension greater than 6. These
representations fuse on 6. A .2 and 6. A .2 . By comparison with the6 1 6 2
previous cases, we again have a contradiction.
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We have shown that, if L ( A , then p F 19.6
< Ž . <LEMMA 5.9. If c s 5, then p F 61, and either Z H s 1 and nrt s 2
or the possibilities for H and the corresponding possible ¤alues for n and p are
as gi¤en in Table X.
< Ž . <Remark. Corollary 5.11 deals with the cases where Z H s 1 and
nrt s 2.
Proof. Suppose c s 5. For the conjugate three-dimensional representa-
tions of A ,5
1 13 2< < < < < <q F 2A q q q q 3A 3q q 5AB 3qŽ . 2 4
s 15q2 q 15 q 30 q 18 q ,Ž .
which implies that q - 19. By Lagrange’s theorem, p / 7, 13, or 17, and
hence p s 11.
6 3Ž .These representations fuse on S and we have q F 10q q q 1 q5
Ž 4 2 . Ž 2 .30 q q q q 30q q 12 q q 4q , which implies that q - 7.
4 2 Ž 2 .For n s 4, q F 30q q 10 q q 2 q q 48q, which implies that q - 7.
This representation splits to give two representations of S , for which5
4 2 Ž 2 . Ž 3 .q F 30q q 10 q q 2 q q 48q q 10 q q q , which implies that q - 14.
5 ŽThe five-dimensional representation also splits on S to give q F 10 q5
. 3 Ž . 2 Ž .15 q q 10 q 15 q 20 q q 10 q 60 q, which implies that q - 7.
< Ž . <Now suppose Z H s 2. For the conjugate two-dimensional represen-
2 Ž .tations of 2. A , we have q F 30 q 20 q 12 q, which implies that p F 61.5
w x Ž . Ž .Also, by 5, Sect. 260 , SL 5 embeds in SL p exactly when p is2 2
congruent to "1 modulo 10. We determine the genuine possibilities for p
in this case in Corollary 5.11.
These representations fuse to give a four-dimensional representation of
4 2 2Ž .2.S , for which we have q F 50q q 24q q 10q q q 1 , which implies5
that q - 16. Hence the only possibility is that p s 11.
The four-dimensional representation of 2. A splits to give two represen-5
4 2 Ž 2 .tations of 2.S , for which we have q F 30q q 10 q q 2 q q 48q q5
20q2, which implies that q - 9. For the 2. A case we obtain the inequality5
above, but without the final term, and this gives q - 7.
Finally, for the six-dimensional representation of 2.S , no non-central5
elements of 2.S have an eigenspace of dimension larger than 3. Hence5
3 < <q F 2 2.S , which implies that q - 7.5
Therefore, if L ( A , then p F 61.5
We now complete the proof of Theorem 5.1 by considering the case
Ž .H ( 2. A ( SL 5 and n s 2 more closely.5 2
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PROPOSITION 5.10. For primes p with p F 61 and p congruent to "1
Ž .modulo 10, the number N of orbits of SL 5 on the one-dimensionalp 2
Ž .subspaces of V p and the orbit lengths l , . . . , l are as gi¤en in Table XIV.2 1 Np
w x Ž . Ž .Proof. By 5, Sect. 260 , SL 5 embeds in SL p exactly when p is2 2
congruent to "1 modulo 10. We use the orbit counting lemma to deter-
Ž .mine the number of orbits of SL 5 on the one-dimensional subspaces of2
Ž .V p . We have2
1
N s F g ,Ž .Ýp pSL 5Ž .2 Ž .ggSL 52
Ž . Ž .where F g is the number of one-dimensional subspaces of V p fixedp 2
by g.
g 01 0 y1 0Ž . Ž . Ž .y1Let I s , Z s , and P s , where g is a generator of0 g0 1 0 y1
U Ž . w xF . Let T be an element of SL p of order p q 1. By 6 , the matrices I,p 2
i Ž Ž . . j Ž Ž . .Z, P 1 F i F p y 3 r2 , and T 1 F j F p y 1 r2 are representa-
Ž .tives of the conjugacy classes of SL p which have order coprime to p.2
Ž .Clearly 1A and 1A elements of SL 5 fix all p q 1 one-dimensional0 1 2
Ž .subspaces of V p .2
0 1Ž . Ž .Elements g in the class 2A of SL 5 are conjugate to K s .0 2 y1 0
¤ ¤1 2Ž . Ž .Suppose K fixes a subspace spanned by ¤ s . Then we have s¤ y¤2 1
¤ 21Ž .m for some m in F . Therefore, for ¤ ¤ / 0, m s y1. If p is¤ p 1 22
congruent to 1 modulo 4, we can find two such elements m. If p is
congruent to 3 modulo 4, we can find no such element. Therefore ele-
Ž . wŽ .Ž py1.r2 xments in the class 2A of SL 5 fix y1 q 1 one-dimensional0 2
Ž .subspaces of SL p .2
Ž .Elements of SL 5 of orders 3, 6, 5, and 10 must be sent to either2
non-identity powers of T or non-identity powers of P. We can determine
Ž . Ž .which of these possibilities happens since o T s p q 1 and o P s p y 1.
TABLE XIV
Ž .Orbits of SL 52
p N Orbit lengthsp
11 1 12
19 1 20
29 1 30
31 2 20, 12
41 2 30, 12
59 1 60
61 3 30, 20, 12
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Ž .Non-central powers of T fix no one-dimensional subspaces of V p .2
1²Ž .:Non-central powers of P fix only the one-dimensional subspaces and0
0²Ž .: Ž .of V p .21
Ž .Some information about the conjugacy class sizes in SL 5 is listed in2
Table XV.
Thus we obtain the equation
1 Ž .py1 r2N s 2 p q 1 q 30 y1 q 1Ž . Ž .žp 120
q80d q 96d ./3, Ž3 , py1. 5, Ž5 , py1.
Hence we obtain the values for N given in Table XIV.p
Ž . Ž .The length of an orbit of a 1-space of V p under the action of SL 52 2
< Ž . < Ž Ž . Ž .divides L 5 s 60 since the orbits under the actions of SL 5 and L 52 2 2
.are the same .
Ž Ž .Also, we know that no orbit has length 1 as SL 5 acts irreducibly on2
Ž .. Ž Ž . .V p and no orbit has length 2 as SL 5 has no subgroup of order 60 .2 2
Ž .Also, the orbit lengths sum to p q 1 as V p has p q 1 one-dimensional2
subspaces. This allows us to determine the orbit lengths.
U Ž .COROLLARY 5.11. Suppose p ) 5 is a prime, G s F .SL 5 , and V is ap 2
faithful two-dimensional F G-module such that G has a quasi-simple normalp
Ž .subgroup SL 5 which is irreducible on V, and G has no regular orbit on the2
¤ectors of V. Then the only genuine possibilities for p are 11, 19, 29, 31, 41,
and 61.
U Ž .Proof. If p is a prime congruent to "1 modulo 10, G s F .SL 5 Fp 2
Ž .SL p . By Lemma 5.9, we know that 7 F p F 61. Since we are assuming2
Ž .G has no regular orbits on the vectors of V p , there is no orbit of length2
Ž . Ž . Ž .60 p y 1 . The orbit lengths of V p under the action of G are p y 1 l2 i
Ž .1 F i F N , where for each p the l ’s are given in Table XIV. Thereforep i
Ž .G has no regular orbits on V p exactly when p s 11, 19, 29, 31, 41,2
or 61.
Ž .We have now proved Theorem 1 when L ( HrZ H is alternating or
w xsporadic. The Lie type case is proved in 9 .
TABLE XV
Ž .Conjugacy Classes of SL 52
Class name 1A 1A 2A 3A 5A B0 1 0 01 01 01
Class size 1 1 30 40 48
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